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a b s t r a c t
We introduce and study the concept of similarity between soft sets, which is an extension
of the equality for soft set theory.We also introduce the concepts of conjunction parameter
(α ∧ β) and disjunction parameter (α ∨ β) of ordered pair parameter ⟨α, β⟩ for soft
set theory, and we investigate modified operations of soft set theory in terms of ordered
parameters.
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1. Introduction
There are the uncertainties of various types in economics, engineering, environmental science, sociology and computer
science. But classical mathematical approaches are often insufficient to derive effective or useful models because the
uncertainties appearing in these domains are of various types, highly complicated and difficult to characterize. To avoid
difficulties in dealing with uncertainties, many tools have been studied. These are fuzzy sets [1], rough sets [2] and vague
sets [3]. In 1999, Molodtsov introduced the concept of soft sets [4] to solve complicated problems and various types of
uncertainties. He introduced the concept that a soft set is an approximate description of an object precisely consisting of two
parts, namely predicate and approximate value set. In [5],Maji et al. introduced several operators for soft set theory: equality
of two soft sets, subset and superset of a soft set, complement of a soft set, null soft set, and absolute soft set. Recently, soft
set theory has been developed rapidly by some scholars in theory and practice. Aktas [6] introduced a basic version of soft
group theory, which extends the notions of a group to include the algebraic structures of soft sets. Ali et al. [7] introduced
and studied some new operations such as the restricted intersection, the restricted union, the restricted difference and the
extended intersection of two soft sets. Yang et al. [8] introduced the notion of the interval-valued fuzzy soft set by using
the interval-valued fuzzy set and soft set models. Ali [9] studied soft sets, rough sets and fuzzy sets. Ali et al. investigated
algebraic structures of soft sets [10]. Cagman andEnginoglu applied soft set theory to decisionmaking [11]. Feng et al. studied
soft sets combined with fuzzy sets and rough sets [12]. The purpose of this paper is to investigate the theoretical relation
between two soft sets by using the concept of similarity. First, we introduce and study the concept of similarity between soft
sets, which is an extension of the equality for soft set theory. Second, we introduce the concepts of conjunction parameter
(α∧β) anddisjunction parameter (α∨β) of ordered pair parameter ⟨α, β⟩ for soft set theory. Alsowemodify and investigate
some operators introduced in [5] in terms of ordered parameters. In particular, wewill show that the DeMorgan’s laws hold
in soft set theory for the modified operations and the complement defined by Maji et al. in [5].
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2. Preliminaries
Let U be an initial universe set and EU be a collection of all possible parameters with respect to U , where the parameters
are the characteristics or properties of objects in U . Wewill call EU (simply, E) the universe set of parameters with respect to
U . In this paper, U is an initial universe set and E is always the universe set of parameters with respect to U unless otherwise
specified.
Definition 2.1 ([4]). A pair (F , A) is called a soft set over U if A ⊂ E and F : A → P(U), where P(U) is the set of all subsets
of U .
Definition 2.2 ([5]). Let U be an initial universe set and E be a universe set of parameters. Let (F , A) and (G, B) be soft sets
over a common universe set U and A, B ⊂ E. Then
(a) (F , A) is a subset of (G, B), denoted by (F , A)⊂(G, B), if
(i) A ⊂ B; (ii) for all e ∈ A, F(e) and G(e) are identical approximations;
(b) (F , A) equals (G, B), denoted by (F , A) = (G, B), if (F , A)⊂(G, B) and (G, B)⊂(F , A).
Definition 2.3 ([5]). LetA = {e1, e2, . . . , en} be a set of parameters. TheNot set ofA is denoted by¬A = {¬e1,¬e2, . . . ,¬en}
where ¬ei = not ei, ∀i ∈ {1, 2, . . . , n}.
Theorem 2.4 ([5]). Let E be a set of parameters and A, B ⊂ E. Then
(a) ¬(¬A) = A; (b) ¬(A ∪ B) = (¬A ∪ ¬B); (c) ¬(A ∩ B) = (¬A ∩ ¬B).
Definition 2.5 ([5]). Let (F , A) and (G, B) be soft sets over a common universe set U . Then
(a) (F , A) ∧ (G, B) is a soft set defined by (F , A) ∧ (G, B) = (H, A× B), where H(⟨α, β⟩) = F(α) ∩ G(β) for any α ∈ A and
β ∈ B, where ∩ is the intersection operation of sets;
(b) (F , A) ∨ (G, B) is a soft set defined by (F , A) ∨ (G, B) = (K , A× B), where K(⟨α, β⟩) = F(α) ∪ G(β) for any α ∈ A and
β ∈ B, where ∪ is the union operation of sets.
3. Similarity between soft sets
We introduce the concept of similarity between soft sets and investigate some properties.
Definition 3.1. Let (F , A) and (G, B) be soft sets over a common universe set U . Then (F , A) is similar to (G, B) (simply
(F , A) u (G, B)) if there exists a bijective function φ : A → B such that F(α) = (G ◦ φ)(α) for every α ∈ A, where
(G ◦ φ)(α) = G(φ(α)).
Example 3.2. (a) Obviously, every soft set is similar to itself.
(b) Let U = {d1, d2, d3, d4, d5, d6} be the set of dresses under consideration and E ′ = {e1, e2, e3, e4, e5} be the set of five
parameters, where e1 stands for expensive, e2 stands for cheap, e3 stands for beautiful, e4 stands for elegant, e5 stands for
classical. Let A = {e1, e2, e3} and B = {e1, e4, e5}.
For A ⊆ EF(e1) = {d2}; F(e2) = {d3, d4, d5}; F(e3) = {d1, d3}.
For B ⊆ E,G(e1) = {d2};G(e4) = {d1, d3};G(e5) = {d3, d4, d5}.
Then the soft sets (F , A) and (G, B) are not equal because of A ≠ B. Consider a function φ : A → B defined by
φ(e1) = e1, φ(e2) = e5, φ(e3) = e4; then φ is bijective and F(ei) = (G ◦ φ)(ei) for every ei ∈ A. So (F , A) u (G, B).
Definition 3.3 ([7,5]). For a soft set (F , A) over U:
(a) The complement [5] of (F , A), denoted by (F , A)c , is defined by
(F , A)c = (F c,¬A),
where F c : ¬A → P(U) is a mapping given by F c(¬α) = the complement of F(α), for any α ∈ A.
(b) The relative complement [7] of (F , A) is denoted by (F , A)r and is defined by (F , A)r = (F r , A), where F r : A → P(U) is a
mapping given by F r(α) = U − F(α) for all α ∈ A.
Remark 3.4. For a soft set (F , A), since ¬A ≠ A in general, the complements (F , A)c and (F , A)r are not always equal. But
we can show that they are similar as in the next theorem.
Theorem 3.5. Let (F , A) be a soft set over U. Then (F , A)r u (F , A)c .
Proof. We show that (F r , A) u (F c,¬A). Let us consider a function φ : A → ¬A defined as φ(α) = ¬α for α ∈ A. Then
obviously φ is bijective. Moreover, from α = ¬¬α and φ(α) ∈ ¬A, it follows that F r(α) = U − F(α) = U − F(¬¬α) =
U − F(¬φ(α)) = F c(φ(α)) = (F c ◦ φ)(α) for every α ∈ A. This implies F r = F c ◦ φ. Hence (F , A)r u (F , A)c . 
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Remark 3.6. Let (F , A) and (G, B) be soft sets over a common universe set U . If A ≠ B, generally A × B ≠ B × A, and so by
Definition 2.5, (F , A) ∨ (G, B) ≠ (G, B) ∨ (F , A) and (F , A) ∧ (G, B) ≠ (G, B) ∧ (F , A).
Theorem 3.7. Let (F , A) and (G, B) be soft sets over a common universe set U and A, B ⊆ E. Then
(a) (F , A) ∨ (G, B) u (G, B) ∨ (F , A); (b) (F , A) ∧ (G, B) u (G, B) ∧ (F , A).
Proof. (a) Let (F , A) ∨ (G, B) = (K , A× B) and (G, B) ∨ (F , A) = (K ′, B× A). Let a function φ : A× B → B× A be defined
as φ(⟨α, β⟩) = ⟨β, α⟩; then φ is bijective. For every ⟨α, β⟩ ∈ A × B, K(⟨α, β⟩) = F(α) ∪ G(β) = G(β) ∪ F(α) =
K ′(⟨β, α⟩) = K ′(φ(⟨α, β⟩)) = (K ′ ◦ φ)(⟨α, β⟩). Consequently, (F , A) ∨ (G, B) u (G, B) ∨ (F , A).
(b) It is similar to the proof of (a) 
Lemma 3.8. Let (F , A), (G, B) and (H, C) be soft sets over a common universe set U. If (F , A) u (G, B) and (G, B) u (H, C),
then (F , A) u (H, C).
Proof. It is obvious. 
4. Modified operations and similarity
Definition 4.1. Let E be a set of parameters and A, B ⊂ E. For ⟨α, β⟩ ∈ A× B, (α and β) is called the conjunction parameter
of ordered pair parameter ⟨α, β⟩, and (α or β) is called the disjunction parameter of ordered pair parameter ⟨α, β⟩. The
conjunction parameter (α and β) of ordered pair parameter ⟨α, β⟩ is denoted by (α ∧ β) and the disjunction parameter
(α or β) of ordered pair parameter ⟨α, β⟩ is denoted by (α∨β). For every ⟨α, β⟩ ∈ A×B, we will denote the set of all (α∧β)
((α ∨ β)) as the following:
(a) A⊗ B = {(α ∧ β) | ⟨α, β⟩ ∈ A× B};
(b) A⊕ B = {(α ∨ β) | ⟨α, β⟩ ∈ A× B}.
Remark 4.2. Let E be a set of parameters and A, B ⊂ E. Then A ⊗ B, A ⊕ B ⊆ E and in general, (α ∧ β) ≠ (β ∧ α) and
(α ∨ β) ≠ (β ∨ α) for ⟨α, β⟩ ∈ A× B. The cases (α ∧ α) and (α ∨ α)will be denoted simply by (α) for α ∈ E.
Definition 4.3. Let E be a set of parameters and A, B ⊆ E.
(a) For (α ∧ β) ∈ A⊗ B,¬(α ∧ β) = (¬α ∨ ¬β) ∈ ¬A⊕¬B.
(b) For (α ∨ β) ∈ A⊕ B¬(α ∨ β) = (¬α ∧ ¬β) ∈ ¬A⊗¬B.
(c) ¬(A⊗ B) = {¬(α ∧ β) | (α ∧ β) ∈ A⊗ B}.
(d) ¬(A⊕ B) = {¬(α ∨ β) | (α ∨ β) ∈ A⊕ B}.
Example 4.4. Let A = {expensive; cheap; beautiful} and B = {modern; beautiful}.
Then
A⊗ B = {(expensive and modern); (expensive and beautiful); (cheap and modern);
(cheap and beautiful); (beautiful and modern); (beautiful and beautiful)}.
A⊕ B = {(expensive or modern); (expensive or beautiful); (cheap or modern);
(cheap or beautiful); (beautiful or modern); (beautiful or beautiful)}.
¬(A⊗ B) = {(not expensive or not modern); (not expensive or not beautiful); (not cheap or not modern);
(not cheap or not beautiful); (not beautiful or not modern); (not beautiful or not beautiful)}.
Lemma 4.5. Let E be a set of parameters and A, B ⊂ E. Then
(a) (α ∧ β) ∈ (A⊗ B) iff (¬α ∨ ¬β) ∈ ¬A⊕¬B;
(b) (α ∨ β) ∈ (A⊕ B) iff (¬α ∧ ¬β) ∈ ¬A⊗¬B.
Proof. (a) Let (α ∧ β) ∈ A⊗ B; then by Definition 4.3(a), (¬α ∨ ¬β) ∈ ¬A⊕¬B.
For the converse, let (¬α ∨¬β) ∈ ¬A⊕¬B; then by Definition 4.3(b),¬(¬α ∨¬β) = (¬¬α ∧¬¬β) ∈ ¬¬A⊗¬¬B.
From Theorem 2.4(a), ¬¬A = A,¬¬B = B and so we have (α ∧ β) ∈ A⊗ B.
(b) It is similar to (a). 
Obviously we obtain the following.
Theorem 4.6. Let E be a set of parameters and A, B ⊂ E. Then
(a) ¬(A⊗ B) = ¬A⊕¬B; (b) ¬(A⊕ B) = ¬A⊗¬B.
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Definition 4.7. Let (F , A) and (G, B) be soft sets over a common universe set U . Then
(a) (F , A) ⊓ (G, B) is a soft set defined by (F , A) ⊓ (G, B) = (K , A ⊗ B), where K : A ⊗ B → P(U) is a mapping given by
K((α ∧ β)) = F(α) ∩ G(β) for any (α ∧ β) ∈ A⊗ B, where ∩ is the intersection operation of sets;
(b) (F , A) ⊔ (G, B) is a soft set defined by (F , A) ⊔ (G, B) = (H, A ⊕ B), where H : A ⊕ B → P(U) is a mapping given by
H((α ∨ β)) = F(α) ∪ G(β) for any (α ∨ β) ∈ A⊕ B, where ∪ is the union operation of sets.
Example 4.8. In Example 3.2, let C = {e1, e3} ⊂ E and D = {e1, e3, e5} ⊂ E; then C ⊗ D = {(e1), (e3), (e1 ∧ e3), (e1 ∧ e5),
(e3 ∧ e1), (e3 ∧ e5)}.
Consider soft sets (L, C) and (M,D) defined as follows:
L(e1) = {d2, d4}, L(e3) = {d3, d4, d5};
M(e1) = {d1, d2, d4}, M(e2) = {d1, d3};
M(e3) = {d2, d3, d4, d5}, M(e5) = {d1, d2}.
(L, C) ⊓ (M,D) = (K , C ⊗ D), where K : C ⊗ D → P(U) is a mapping defined by K((α ∧ β)) = L(α) ∩ M(β) for any
⟨α, β⟩ ∈ C × D.
K((e1)) = L(e1) ∩M(e1) = {d2, d4}.
K((e3)) = L(e3) ∩M(e3) = {d3, d4, d5}.
K((e1 ∧ e3)) = L(e1) ∩M(e3) = {d2, d4}.
K((e1 ∧ e5)) = L(e1) ∩M(e5) = {d2}.
K((e3 ∧ e1)) = L(e3) ∩M(e1) = {d4}.
K((e3 ∧ e5)) = L(e3) ∩M(e5) = ∅.
Remark 4.9. Let (F , A) and (G, B) be soft sets over a common universe set U, A, B ⊆ E and A ≠ B. For ⟨α, β⟩ ∈ A × B, the
conjunction parameter (α∧β) (the disjunction parameter (α∨β)) of the ordered pair parameter ⟨α, β⟩ could not an element
of A×B, and the ordered pair parameter ⟨α, β⟩ could not be an element of A⊗B and A⊕B. So (F , A)∧(G, B) ≠ (F , A)⊓(G, B)
and (F , A) ∨ (G, B) ≠ (F , A) ⊔ (G, B).
Theorem 4.10. Let (F , A) and (G, B) be soft sets over a common universe set U. Then
(a) (F , A) ∧ (G, B) u (F , A) ⊓ (G, B); (b) (F , A) ∨ (G, B) u (F , A) ⊔ (G, B).
Proof. Let (F , A) ∧ (G, B) = (H, A × B) and (F , A) ⊓ (G, B) = (K , A ⊗ B). Consider a function φ : A × B → A ⊗ B defined
by φ(⟨α, β⟩) = (α ∧ β); then φ is bijective. Moreover, H(⟨α, β⟩) = F(α) ∩ G(β) = K((α ∧ β)) = K(φ(⟨α, β⟩)) =
(K ◦ φ)(⟨α, β⟩). So (a) is obtained.
(b) Similar to (a). 
ForA, B ⊆ E, ifA ≠ B, thenA⊗B ≠ B⊗A. So for any two soft sets (F , A) and (G, B), obviously (F , A)⊓(G, B) ≠ (G, B)⊓(F , A)
and (F , A) ⊔ (G, B) ≠ (G, B) ⊔ (F , A).
Theorem 4.11. Let (F , A) and (G, B) be soft sets over a common universe set U. Then
(a) (F , A) ⊓ (G, B) u (G, B) ⊓ (F , A); (b) (F , A) ⊔ (G, B) u (G, B) ⊔ (F , A).
Proof. (a) Let us define a functionφ : A⊗B → B⊗A byφ((α∧β)) = (β∧α); thenφ is bijective, and so fromDefinition 4.7,
(a) is easily obtained.
(b) Similar to (a). 
In the next theorem, we can show that the De Morgan’s laws hold in soft theory for the modified operations and the
complement defined by Maji et al. in [5].
Theorem 4.12. Let (F , A) and (G, B) be soft sets over a common universe set U. Then
(a) ((F , A) ⊓ (G, B))c = (F , A)c ⊔ (G, B)c ;
(b) ((F , A) ⊔ (G, B))c = (F , A)c ⊓ (G, B)c .
Proof. (a) By Definition 3.3(a), (F , A)c = (F c,¬A) and (G, B)c = (Gc,¬B), and so let (F c,¬A) ⊔ (Gc,¬B) = (K ,¬A⊕¬B).
Let (F , A) ⊓ (G, B) = (H, A ⊗ B); then ((F , A) ⊓ (G, B))c = (H, A ⊗ B)c = (Hc,¬A ⊕ ¬B). So we have to show that
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(K ,¬A⊕¬B) = (Hc,¬A⊕¬B). For the proof, let (¬α ∨ ¬β) ∈ ¬A⊕¬B; then by Lemma 4.5, (¬α ∨ ¬β) ∈ ¬A⊕¬B iff
(α ∧ β) ∈ (A⊗ B), and so
K((¬α ∨ ¬β)) = F c(¬α) ∪ Gc(¬β) for (¬α ∨ ¬β) ∈ ¬A⊕¬B
= (U − F(¬¬α)) ∪ (U − G(¬¬β)) for (¬α ∨ ¬β) ∈ ¬A⊕¬B
= (U − F(α)) ∪ (U − G(β)) for (¬α ∨ ¬β) ∈ ¬A⊕¬B
= U − (F(α) ∩ G(β)) for (¬α ∨ ¬β) ∈ ¬A⊕¬B
= U − H(α ∧ β) for (α ∧ β) ∈ A⊗ B
= U − H(¬¬(α ∧ β)) for (α ∧ β) ∈ A⊗ B
= U − H(¬(¬α ∨ ¬β)) for (¬α ∨ ¬β) ∈ ¬A⊕¬B
= Hc(¬α ∨ ¬β) for (¬α ∨ ¬β) ∈ ¬A⊕¬B.
This fact implies (K ,¬A⊕¬B) = (Hc,¬A⊕¬B).
(b) It is similar to (a). 
Theorem 4.13. Let (F , A) and (G, B) be soft sets over a common universe set U. Then
(a) ((F , A) ⊔ (G, B))r u (F , A)r ⊓ (G, B)r ;
(b) ((F , A) ⊓ (G, B))r u (F , A)r ⊔ (G, B)r .
Proof. (a) Let (F , A) ⊔ (G, B) = (K , A⊕ B); then ((F , A) ⊔ (G, B))r = (K r , A⊕ B). Since (F , A)r ⊓ (G, B)r = (F r , A) ⊓ (Gr , B),
let (F r , A) ⊓ (Gr , B) = (H, A⊗ B). From A⊕ B ≠ A⊗ B, we easily know that ((F , A) ⊔ (G, B))r ≠ (F , A)r ⊓ (G, B)r . Now we
show that (K r , A⊕ B) u (H, A⊗ B). First, let us consider the function φ : A⊕ B → A⊗ B defined as φ((α ∨ β)) = (α ∧ β)
for every (α ∨ β) ∈ A⊕ B. Then φ is bijective. Second, for any (α ∨ β) ∈ A⊕ B,
K r((α ∨ β)) = U − K((α ∨ β))
= U − (F(α) ∪ G(β))
= (U − F(α)) ∩ (U − G(β))
= F r(α) ∩ Gr(β) for φ((α ∨ β)) = (α ∧ β) ∈ A⊗ B
= H((α ∧ β)) for φ((α ∨ β)) = (α ∧ β) ∈ A⊗ B
= H(φ((α ∨ β))) for (α ∨ β) ∈ A⊕ B, φ((α ∨ β)) = (α ∧ β) ∈ A⊗ B
= (H ◦ φ)((α ∨ β)) for (α ∨ β) ∈ A⊕ B.
Thus ((F , A) ⊔ (G, B))r u (F , A)r ⊓ (G, B)r .
(b) Similar to (a). 
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